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ABSTRACT

Quantum confinement of the electrodes is an important issue for electron transport through molecular or atomic wire junctions. To assess the
importance of waveguide effects by quantum confinement of the electrodes, we have calculated elastic and inelastic conductance and inelastic
electron tunneling spectra of atomic gold wire with gold electrodes for several models. The results show the quite important role of the phase
factors between the modeled electrodes and the contact region.

There has been progress in conduction by atomic wires or
molecular junctions toward applications to new devices1-5

and single-molecule spectroscopic techniques,6-11 such as
inelastic tunneling spectroscopy (IETS). Generally, it is
difficult to manipulate or specify atomic structure for the
junction (contact region) experimentally, and several groups
have performed ab initio calculations of transport for realistic
electrode-molecule-electrode systems.12-17 In many cases,
analyses have been mainly focused on the properties of the
contact region.18 Theoretical treatment of the electrodes often
depends on an adopted model of the contact region and ab
initio method, such as cluster approximation or periodic
slab,19,20 and electrodes are modeled by a one-dimensional
(1-D) rod or a semi-infinite surface with two-dimensional
(2-D) periodicity. However, strictly speaking, the two models
relate to physically different systems and are relevant to
different experiments. Recently, Ke et al. showed that the
behavior of transport through the whole system depends not
only on contact but also on the electrode itself as a result of
quantum confinement.21,22In this letter, we report the above
quantum confinement and waveguide effects on change of
conductance and IETS caused by electron-phonon scattering
and show the importance of the correct modeling of
electrodes for theoretical treatments. Throughout this report,
we adopt a nonequilibrium Green’s function (NEGF) ap-
proach combined with density functional theory (DFT),23-25

including electron-phonon interaction within the lowest-
order expansion (LOE) framework.26-29

The parts of the semi-infinite electrode are incorporated
into the central (C) region by using self-energy matrices.
By enforcing 1-D nonperiodicity or 2-D periodicity parallel
to the surface, the following three models can be considered
for the C region illustrated in Figure 1a:

Model (I): 2-D periodic contact+ 2-D periodic leads
Model (II): 1-D contact+ 2-D periodic leads
Model (III): 1-D contact+ 1-D leads
When the unit cell is sufficiently large, the 2-D periodic

structure can be regarded as effectively infinite surface
electrodes, and the interaction between chain parts can be
negligible. As a result, one can consider that models (I)-
(III) correspond to the physical situations, which are il-
lustrated in the insets in Figures 2a, 3a, and 4a, respectively.
Physically, model (I), where the contact connects to clean
surfaces, will be relevant to the extremely ideal cases for
surface STM/AFM experiments or a mechanically control-
lable break junction (MCBJ) technique, while model (II) will
be a much more realistic experimental case. Model (III)
relates to the 1-D rod system.

Theoretical Background. When a vibrational modeQR

is obtained in the C region (or in a subspace of C by means
of the frozen phonon approximation), the phonon scatterings
are included in the self-energy terms. In terms of the
electron-phonon couplingMR, the self-energy terms of
electron-phonon interactions are represented by29-31
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whereG(E) andDR(ω) are Green’s functions for the electron
and phonon, respectively. The symbols “<” and “>”
represent lesser and greater Green’s functions, respectively.
Throughout this study, we use the molecular orbital (MO)
basis to expand (electronic) Green’s functions instead of the
atomic orbital (AO) basis set, where the MOs are defined
on the C region. The currentI(V), differential conductance,
G(V) ) dI/dV, and IETS signal, d2I/dV2, can be calculated
as a function of the voltageV using Green’s functions and
self-energies. The applied voltage and the Fermi levels of
the left and right leads,µL andµR, satisfy the conditioneV
) µL - µR, wheree is the absolute value of the electron
charge.

Recently, we developed a NEGF-DFT scheme called the
“efficient MO approach”23 and used it for the present
calculation. Details of the scheme and procedure will be
given elsewhere.32 By using eq 1a,b and applying the LOE
approximation, the total current can be represented as the
sum of the elasticIel and inelasticI inel currents, and the elastic
part is further separated into the ballistic termI0

el and the
remaining termδIel, which relates to the elastic electron-
phonon scatterings.15,26-29 In the present study, we imple-
mented the LOE form derived by Viljas et al., and details
are given in ref 29.

The termsI0
el, δIel, andI inel are expressed in terms of the

G(E) obtained by the result of ballistic NEGF-DFT as follows

where ΓL/R relates to the left and right lead self-energy
matricesΣL/R

and fL/R is the Fermi function. The factorG0 is the unit of
quantized conductance,e/πp, wherep is the Planck constant.
The (ballistic) transmission coefficient is expressed by

The correction terms for the elastic current are represented
by factorsTec, TecL/R, andTasyL/R as follows

Here, we introduce the notationEσR, which representsE (
ΩR for σ ) (1, respectively. The factor in the inelastic term
is also expressed by usingTσR

in (E,ω) as follows

Equations 5 and 6 contain the voltage-dependent phonon
occupation functionNR.

In the present study, we omit coupling between the phonon
mode R and other modes though electron and phonon
temperature are fixed at 15 K and the broadening parameter
is set to 20 meV. Thus, the phonon occupation is also
calculated to the second order ofMR by using the lesser and
retarded self-energies of the phonon.

Computational Model. In the present study, the C region
consists of a chain part of six Au atoms, a 2× 2 top layer,
and three additional (i.e., the second-fourth) layers, which
connect to the semi-infinite electrodes of the (100) surface
(see Figure 1a). For these additional layers and electrodes,
we took the 3× 3 surface first and then performed similar
calculations using the 4× 4 system.

The geometry of the (100) layers is fixed with a lattice
constant of 4.08 Å, and the distance between each second
layer is kept at 21.90 Å. Only the chain and top layers of
each side (a total of 14 atoms) are relaxed, and the vibrational
modes are calculated in this “vibrational box”. Here, we note

Figure 1. The atomic structure of the gold wire in the Au(100)
systems, where the unit cell is a 3× 3 structure, is shown. The
unit is treated with/without the periodic boundary condition in each
model, as well as the electrodes. The part enclosed by the solid
line is the “vibrational box”.

Σeph
< (E) ) i

2π ∫ dω{DR
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Σeph(E) ) i
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I0
el ) G0∫ dET0(E)(fL(E) - fR(E)) (2a)
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∞
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1

π
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∫ dE[∫-∞

∞
dω

1

π
ReDR(ω){TR

asyLfL(E - ω) +

TR
asyRfR(E - ω)} {fL(E) - fR(E)}] (2b)

I inel ) -∫ dE[ ∑
σ)(

σ∫0

∞
dω

1

π
ImDR(ω)TσR

in {NR(σω)fL(E)[1 -
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ΓL/R ) -2ImΣL/R (3)

T0(E) ) Tr[G(E)ΓR(E)G†(E)ΓL(E)] (4)

TσR
ec(E,ω) )

2G0ReTr[MRG(EσR)MRG(E)ΓR(E)G†(E)ΓL(E)G(E)] (5a)

TσR
ecL/R(E,ω) ) G0ImTr[MRG(EσR)ΓL/R(Eσε)G

†(EσR)MRG

(E)ΓR(E)G†(E)ΓL(E)G(E)] (5b)

TR
asyL/R(E,ω) )

G0ReTr[MRG(E - ω)ΓL/R(E - ω)G†(E - ω)MRG(E)] (5c)

TσR
in (E,ω) )

G0Tr[MRG(EσR)ΓR(EσR)G†(EσR)MRG†(E)ΓL(E)G(E)] (6)
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that we take a much larger region (W) than the C region to
determine the first derivatives of the Hamiltonian and overlap
matrices and Hessian, although only the parts relating to the
C region are explicitly used. We took the W region as the C
region plus the outer three layers for both the 1-D and 2-D
periodic cases and obtained the converged results of the
phonon frequencies and eigenmode vectors. Recent experi-
mental and theoretical studies of atomic gold nanowires have
reported that the alternating bond length (ABL) phonon mode
is important to the transport process.29,33,34 Therefore, we
focus on only the highest ABL mode, which is denotedR
and has the highest frequencyΩR.

A part of the DFT calculations was performed by the
SIESTA program package,35 and PBE functions were
adopted as the XC functional. The basis set employed was
the AO type of the polarized single zeta (SZP) level with
use of Troullier-Martins norm-conserving pseudopotential
and the Kleinman-Bylander nonlocal projector.

To estimate lead self-energy terms, we adopted the tight-
binding layer scheme.24 To incorporate 1-D and 2-D peri-
odicity for the electrodes, 1-D and 2-D periodic boundary
conditions were imposed on the DFT calculation for the
principle layer (PL); thus, each lead self-energy satisfies each
boundary condition for the parallel direction of the surface,
the same as that with the C region. In all of the calculations
for both the C region and the electrodes, theΓ point
approximation was used if the 2-D periodic boundary
condition was required.

Model (I). Model (I) is entirely the 2-D periodic system.
The atoms in the vibrational box did not almost change the
positions after the geometry optimization, that is, the chain
part is linear, and the structure of the top layers is almost
same with the (100) section. Using this optimized geometry,
we found that the frequency of the ABL mode has the value
of 128.3 cm-1 for the 3× 3 unit cell.

The calculatedT0(E) was almost constant in the energy
range of [-0.2, 0.2] eV and had the value 1.0 due to
conduction of the 6s electron of Au in the low bias voltage
as shown in Figure 2a, where we set the Fermi level to 0. In
the present case, we focus on only low applied voltage
(typically lower than 25 mV), and the voltage dependence
of T0(E) is quite small. Therefore, we only showT0(E) of
the zero bias case for all models and illustrate in the figures.
Note that all NEGF-SCF calculations are performed fully
self-consistently and include bias dependence explicitly. Our
result of “single open channel” transmission of (linear) gold
wire agrees with the previous works.13,26,33,34

The change of conductance caused by electron-phonon
scatterings,δG, can be defined by the sum ofδGel andδGinel,
where each term is defined by d(δIel)/dV and dI inel/dV,
respectively. The resultingδG’s, and so forth, are illustrated
as a function ofV in Figure 2b. The elastic term dominates
the conductance drop, and the decreasing is close to linear
when the applied bias is larger thanΩR. The magnitude of
δG is about 0.15% ofG0 at eV ≈ pΩR. Our results shows
good agreement with the results of previous theoretical
studies, and the order of the magnitude is properly similar
to the experimental values, although the experimental result

Figure 2. The ballistic transmission coefficientT0(E), the changes
of conductance by electron-phonon scatterings, and the IETS signal
in model (I).T0(E) in the zero bias limit is plotted as a function of
electron energy in (a), where the Fermi level is set to zero. The
inset represents a schematic figure of a physical system related to
the adopted periodic (or nonperiodic) boundary condition. The
change of conductance is given as a function of the voltage in (b).
The total changeδG is shown by the solid line, and elastic (δGel)
and inelastic (δGinel) terms are given by the dashed and dotted lines,
respectively. The IETS signal of the ABL mode is given in (c).
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is a little larger than our result.26,29 Since the change of
conductance is very sensitive to the length of the chain, the
distance between electrodes, as well as the shape of the
contact, the above agreement will be sufficient to prove the
validity of our calculation. The IETS signal can be expressed
as d(δG)/dV because of the small voltage dependence ofT0-
(E). In Figure 2c, the calculated signal, which has the peak
at eV= pΩR, is shown for the positive voltage. Comparing
the conductance change, the IETS signal is a better quantity
to measure the contribution of electron-phonon scatterings
due to its sharp dip (for positive bias).

We also performed additional calculations of the IETS
signals for a few longitudinal phonon modes, which are not
ABL modes and have frequencies close to the value of the
present highest ABL mode, and found that the signal caused
by these modes are almost equal to 0.

Model (II). In model (II), the lead self-energies are the
same as those for model (I), but the C region is 1-D
nonperiodic; thus, the system has a sufficiently long finite
cross section on the 2-D electrodes. We calculatedΩR by
the same procedure as that with model (I). The frequency is
very close to that of the 2-D contact as well as the eigenmode
vector, and the difference in the two frequencies is within
only a few cm-1. Furthermore, the other eigenmodes in the
vibrational box also have similar values to the modes
calculated in model (I). This means that quantities such as
bond energies are essentially local and robust quantities, and
therefore, the periodic boundary condition is not as important
for these quantities if the vibrational box (i.e., focused region)
is large enough to include strong couplings between the
molecule (wire) and the surfaces.

T0(E) for model (II) is presented in Figure 3a. One can
find the oscillation structure ofT0(E) in the presented energy
window; the minimum value is about 0.7. The position of
the Fermi level gives a value close to the bottom ofT0(E).
The calculatedδG is also plotted as a function of bias voltage
in Figure 3b. This is a clear example of waveguide effects
due to quantum confinement. In the study by Ke et al.,
waveguide effects for tunneling conduction were shown
because the bridge part was the benzene-dithiol molecule
in their study.21 The present case shows waveguide effects
on resonant conduction.

The value ofδG is about 0.05% ofG0 when the voltage
is close to ΩR; thus, the electron-phonon scatterings
affect the conductance drop with a somewhat smaller
magnitude for model (II) than that for model (I). However,
each term resulting from elastic and inelastic scatterings is
quite different. Comparing with model (I), the magnitude
of δGel becomes small, andδGinel is enhanced. Recall that
the voltage bias is quite low and dT0/dV is close to 0;
thus, the difference ofδG in models (I) and (II) reflects the
IETS signal straightforward, that is, the observed IETS
signal will give clear evidence of the difference caused by
electron-phonon scatterings in the finite cross section. In
Figure 3c, the calculated IETS signal is given. The intensity
is about 40% of that for the case of model (I). Since the
IETS signal shows a sharp dip at almost the same position

of the voltage, it is more suitable thanδG to compare the
contribution of quantum confinement to electron-phonon
scatterings.

Figure 3. (a) The coefficientT0(E) and (b) the change of the
conductance and (c) the IETS signal in model (II). The notations
in the figures are the same as those for Figure 2.
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Here, we briefly comment on the problem of van Hove
singularity for the NEGF-DFT calculation, which was
recently pointed out by Thygesen et al.36 Using simple
models, they showed that sharp oscillation of the transmission
coefficient and density of states sometimes appears if theΓ
point approximation is adopted with a small unit cell, where
the periodic boundary condition is enforced. In the present
system, theΓ point approximation works well for a 2-D
periodic system; thus, waveguide effects caused by interfer-
ence of transverse modes are more responsible for fluctua-
tions or different magnitudes ofδG, and so forth, than van
Hove singularity in the present models. In the later subsec-
tion, we further analyze such interferences relating to
waveguide effects.

Model (III). Model (III) is a 1-D rod, that is, an entirely
1-D nonperiodic system. The resultingT0(E) has a sharp and
hard oscillation structure, as shown in Figure 4a. The peak
position ofT0(E) is very close to the Fermi energy. Generally,
when the bias is low and the wide-band limit is acceptable,
T0(E) provides the measurement that conductance is “drop”
(T0(E) > 1/2) or “rise” (T0(E) < 1/2).15,27,30,37BecauseT0-
(E) is always larger than 1/2 in the present bias range, the
value ofδG presented in Figure 4b is negative, just as for
models (I) and (II). The magnitude of the conductance drop
caused by electron-phonon interactions is 2.5-3.0% ofG0

at eV = pΩR, which is larger than the values for the above
two models.

Although δG is enhanced 15-30 times compared with
models (I) and (II), much larger differences in each term
for δGel and δGinel were found. The magnitude ofδGel is
about 30 times as large as that for model (I) and about 150
times as that forδGinel. While T0(E) is rapidly decreasing in
the very narrow energy range, the change of the conductance
by the ballistic term is not so rapid because the voltage
dependence ofT0(E) is smooth. Since the magnitude ofδGel

is still much larger than that ofδGinel, the enhancedδGel

term provides a conductance drop of the 1-D. Recall that
the electronic structure of the C region is the same with
models (II) and (III); thus, the physical quantities on the C
region such as electron-phonon couplings are not respon-
sible for the difference in efficiency of vibrational heating.
The local heating effects are a central issue for IETS, and
the above results show the importance of using a correct
model not only for the tip/contact shape but also for the
structure of the cross section connected to the electrodes. In
Figure 4c, the resulting IETS signal is shown. The signal
shows the sharpest dip in the tree models, and the intensity
is about 20 times larger than that of model (I); hence, the
IETS signal will be a good physical quantity to prove clear
evidence of quantum confinement relating to electron-
phonon scatterings in the 3× 3 case.

Relation between Adopted Models and Unit Cell Size.
We performed the same calculation for the 4× 4 system
for models (I)-(III). In all cases, the difference of the ABL
modes between the 3× 3 and 4× 4 systems was negligible.
In model (I), a difference ofT0(E) for the two cases was
also negligible, and the intensity of the IETS signal for the
4 × 4 system was close to the one for the 3× 3 system at

the peak. Therefore, one can conclude that the 3× 3 structure
is of sufficient size to obtain conduction properties for the
2-D periodic case in the present system.

Figure 4. (a) The coefficientT0(E) and (b) the change of the
conductance and (c) the IETS signal in model (III). The notations
in the figures are the same as those for Figure 2.
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For models (II) and (III), relating physical systems are
different between the 3× 3 and 4× 4 sizes because this
cell size corresponds to the width of a finite cross section or
rod for perpendicular to the transport. First, we show the
comparison for model (II). The transmission coefficient
fluctuates just as in the case of 3× 3, although the two results
are somewhat different, as shown in Figure 5a. Therefore,
the 3 × 3 and 4 × 4 finite cross sections should be
distinguished physically and are not a good approximation
for a 2-D periodic system, that is, waveguide effects in the
connected part between semi-infinite electrodes and finite
contacts are still important even if the cross section is of 4
× 4 width as long as the finite cross section part is
sufficiently long. On the other hand, the two IETS signals
are quite similar, just as shown in Figure 5b. This agreement
is reasonable because the electron-phonon couplings are
similar (due to its local property), and variousT- functions
such asTec take values close to the ones of 4× 4 in the
energy window corresponding to the applied voltage. Just

as the transmission coefficient, their values show smooth and
small fluctuation; thus, the difference will not be negligible
if a higher voltage than that in the present case is required
to get IETS signals. In the present case, the waveguide effect
caused by existence of the finite cross section is insensitive
to the width of the cross section.

Next, we analyze the 4× 4 system in model (III). Upon
increasing the size of the 1-D rod, one can expect that it
approaches the 2-D periodic system, and this justifies the
use of a cluster model for the transport problem. Our results
actually show that the 4× 4 rod is much closer to model (I)
(i.e., the 2-D periodic case) than the 3× 3 rod, and the value
of T0(E) is almost the same with the 2-D periodic system.
However, a notable drop of the transmission coefficient is
found at 0.15 eV below Fermi level, as shown in Figure 6;
thus, the 4× 4 rod is not sufficient to model the 2-D
periodicity. It is interesting to consider the cell size depen-
dence with a comparison of models (II) and (III). Although
taking a larger cell (3× 3 w 4 × 4) improves the fluctuated
structure ofT0(E) drastically in model (III), improvement
for model (II) is much slower. This leads to the result that
the size effect is most obvious result of quantum confinement
for the dimensionality of the whole system to determine
properties of electron transport. With increasing surface width
(cell size), more transverse electronic modes can be included
in transport as well as leads (electrodes), and interference
caused by transverse wavevectors, which do not satisfy the
Bloch condition (in other words, phase mismatching), can
be “washed out”. On the other hand, the transmission
coefficient, as well as the IETS signal, is much more
insensitive to the width of the part of the finite cross section,
while the length of the cross section is sufficient to provide
a difference from the 2-D infinite periodic contact. Fluctua-
tion in model (II) is caused by interference of transverse
modes between the cross section and 2-D leads as well as
insufficient “washing out” of transverse electronic modes in
the cross section. Comparing the above insufficient “washing

Figure 5. (a) The coefficientT0(E) and (b) the IETS signal in
model (II), where the unit cell has a 4× 4 structure. The inset in
(a) represents a schematic figure to emphasize the relation between
the physical model and boundary condition, which is the same with
Figures 2-4, but the cross section is 4× 4.

Figure 6. The coefficientT0(E) for the 4× 4 unit cell in model
(III). The inset represents the related physical system, that is, the
4 × 4 1-D rod.
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out”, the type of 1-D/2-D interference is slightly difficult to
eliminate by changing the size of the (1-D) unit cell of the
cross section, although the resulting fluctuation (e.g., oscil-
lation of the transmission coefficient) is smaller than the
fluctuation of quantum confinement of the 1-D system.
Therefore, one should classify waveguide effects into the
above two mechanisms of interference.

The calculated IETS signal for the 4× 4 1-D rod is almost
the same as that for the 2-D periodic one, and this agreement
is acceptable because of the rapid improvement of fluctuation
of T-functions at the Fermi level described above. As a result,
the IETS signal is useful data to observe the contribution of
waveguide effects to electron-phonon scatterings to prove
that whether the system has a long finite cross section or
not; particularly, the target is in the low voltage regime
because the width of the finite cross section is not so
important. Again, we emphasize that existence of a finite
cross section is a quite common physical situation such as
the MCBJ or STM experiment, and the sensitivity of the
IETS signal by waveguide effects could be a useful measure-
ment.

Conclusions.We have presented NEGF-DFT calculations
for a gold atomic wire. Our focus is quantum confinement
by a finite cross section, and we employed three model
systems, (I)-(III), with a change of the size of the unit cell.
The waveguide effects for a 1-D rod or finite cross section,
which has long length and small width, lead to fluctuations
in T0(E) and changes ofδG by electron-phonon scattering,
although the differences in coupling coefficients are relatively
small between these models.

The key quantity is the wavevector of an electronic
transverse mode, that is, the phase factor of the one-electron
wave function. The narrow 1-D rod system (e.g., the 3× 3
in model (III)) has (nonperiodic, oscillating) electronic
transverse modes accessible to the bridge, and interference
among them cannot be sufficiently washed out; thus, the
sharpest oscillation forT0(E) and the most strongly enhanced
δG are obtained. Furthermore, a strong IETS signal can be
found, although electron-phonon couplings are not enhanced
compared to the 2-D system. With the increasing width of
the rod, interference is rapidly washed out. The IETS signal
and theδG values approach the values of the 2-D periodic
system also rapidly.

For the finite cross section, effects by the above interfer-
ence become small, but interference at the connected region
between the contact and electrodes will remain. This kind
of interference can be expected to be more insensitive to an
increase of the unit cell size than the interference in the 1-D
rod. Therefore, quantum confinement should be considered
when quantities relating to electron-phonon scatterings (e.g,
IETS signal) are analyzed. From the viewpoint of theoretical
calculations, the present analysis demonstrates the importance
of correct estimations for both the C region and lead self-
energies with suitable boundary conditions to satisfy “phase
matching” to a model realistic system.
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